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Abstract
In this note, we prove a theorem on another presentation for the algebra of the endomorphisms
of the permutation representation (Yokonuma-Hecke algebra) of a simple Chevalley group with










Let G be a simple Chevalley group dened over F
q
. In this manuscript, we prove a theorem
on a new presentation for the algebra of endomorphisms Y
n
(q) associated to the induced repre-
sentation of the trivial representaion of U up to G, where U is a maximal unipotent subgroup
of G. In [6], this theorem was proved for the case when the Cartan matrix of G is symmetric,










. In this manuscript, we prove the theorem for
the other simple Chevalley groups also. More precisely, we prove the nonstandard presentation









In [7], T. Yokonuma has given a description (presentation) of this algebra Y
n
(q) in terms of
the standard generators, that is, in terms of generators given by the double cosets (see 11.30[3]).
So, we call the algebra Y
n
(q), the Yokonuma-Hecke algebra. The presentation of Yokonuma is
analogous to the classical presentation of the Iwahori-Hecke algebra (see [5]).
In Theorem 2.18[6], the rst author of this article has proved that this algebra Y
n
(q) has
a presentation with non standard generators for the simple Chevalley groups G whose Cartan
matrix is symmetric. This presentation uses non-standard generators dened by a pre-xed
non-trivial additive character of F
q
, and a certain non-trivial linear combination involving the
standard basis of Y
n
(q) (see Denition 1). Originally, these generators were dened in a geo-




), that is, like Fourier Transforms on the space of functions
of ags vectors on F
n
q
. As an application of our main theorem, we recall that abstracting the
presentation in the case when G is of type A
l
, it is posible to dene a certain nite dimensional
algebra, involving braids and ties, which give new matrix representation for the Artin group of









that arising from our theorem.
The aim of this note is to prove that the above mentioned non standard generators give a
presentation for the algebra Y
n









For more precise statement, see Theorem 2.
The layout of this manuscript is as follows:
Section 2 consists of preliminaries and statement of the main Theorem (for a more precise






. Section 4 consists of the proof for the case when G is of type G
2
.
2. Preliminares and statement of the main result
2.1. Let k denote a nite eld with q elements. Let G be a simple simply connected Chevalley
group dened over k. Let T be a \maximally split" torus of G. Let B be a Borel subgroup of
G containing T . Let U be the unipotent radical of B. We will denote the rank of G by l.
We denote the set of all roots with respect to T by .
Let  be the set of all simple roots with respect to T and B. Let N be the normaliser of T
in G and let W = N=T be the Weyl group of G with S = fs

:  2 g being the set of simple










= 1; ;  2 i;
where m






Let  be the canonical homomorphism from N onto W . Using , we have an action of the
Weyl group W on T : (w; t) 7! w(t) := !t!
 1
, where ! 2 N is such that (!) = w.
We recall that for any root  2 , there is an !





































1, over the eld of complex numbers. We call the algebra Y
n
(q) as the Yokonuma-Hecke
algebra.
3From the Bruhat decomposition, G =
`
n2N
UnU , we have that the standard basis of the
Yokonuma-Hecke algebra is parametrised by N . Let fR
n
jn 2 Ng be the standard basis.
If n = !










(q) operators of homothety corresponding to t. In
the case t = h
















(r) ( 2 ):
It is clear that the E





= (q   1)E

:(1)
Now, we recall a Theorem due to T. Yokonuma.
Theorem 1. (See [7]) The Yokonuma-Hecke algebra Y
n
(q) is generated, as an algebra, by
R

( 2 ), and the homotheties R
t
(t 2 T ). Moreover, these generators with the relations





























































(u; v 2 T ):
2.3. In the following, we x a non-trivial additive character  of (k;+). For any  in , we
dene 	







































Our main goal is to prove the following Theorem.
Theorem 2. The Yokonuma-Hecke algebra Y
n
(q) is generated (as an algebra), by L

( 2 ),
and the homotheties R
t
































































(u; v 2 T ):




the eect of w on E











(r) ( 2 ; w 2W );
where  is the root dened by w() = .
In the similar way, we denote by 	
w

the eect of w on 	

.


















































Proof. The proof of the assertions in 3.1 is an inmediate consequence of Yokonuma's Theorem,
part 1.3 and the proofs of 3.2, 3.3 and 3.4 are straightforward computations.









. The only statement of Theorem 2 that involves the Dynkin diagram of
the group is the statement about the braid relation, that is 2.2. Since Theorem 2 was proved










in [6], to prove the Theorem, we need to prove








. In Section 2, we prove 2.2 for the






. In Section 3, we prove 3.2 for the case when G is of type
G
2
. The method of proof involves the one parameter subgroups H

(t); t 2 k

;  2 , and some











3.1. Let  = f
1




g denote the set of all simple roots of type B
l
. So, the Dynkin








: d d q q q d d
>
where  = 
l 1
and  = 
l
. Let s (respectively s
0
) be the reection corresponding to the root
 (respectively ).
Notice that the simple roots 
1




turn to the set of simple roots of A
l 1
and
































if ji  jj = 1:






















. ( The only dierence is  = 
l
,  = 
l 1
in the case of C
l





in the case of F
4
).






































































































5Proof. We now prove 4.1. We have s
0






















































since the map (t; r) 7! (t; t
2
























follows from the fact that s() = + and the map (t; r) 7! (tr; r)





We now prove 4.2. We have s(s
0




























(+ ) = ( + 2)    = +  = s():
Proof of 4.3 follows from the facts that s() =  + , s
0
() =  + 2 and the map (t; r) 7!
(tr; tr
2












(s(+ 2)) = s
0






(+ )) = s(+ ) =  + +  = :
Proof of 4.5 is similar to the proof of 4.2. We note here that 	 does not play an important
role in this situation.
We now prove 4.6. We have s
0






























We now prove the following Lemma which will complete the proof of Theorem 2 for the cases


























































































































































+ ab+ ac+ ad+ ba+ bc+ bd+ ca+ cb+ cd+ da+ db+ dc:
In the same way, we obtain an analogous expression for p
2































































corresponding coecients in p
2





















































































































using essentially the Lemma 4. Now, as the computations are all very























. It is easy to see that the terms contributing to the constant























































































































yields the same constant coecient as
that yielded by b
2
.
A similar proof shows that the constant coeicient yielded by c
2



















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































. It is easy to see that d
2
is the only term that yields
X



















Also, it is easy to see that Y















































the Dynkin diagram. Let W denote the Weyl group of G
2
. Let s (respectively s
0
) denote the
reection corresponding to the root  (respectively ). We have, h; i =  1 and h; i =  3.
Hence, we have
s() = 3+ ; s
0
() = + :(3)
In the proof of the braid relation of type G
2
(Lemma 7), we will use the following Lemma.



















































































































































































































Proof. We have s(s
0







(2+ ) = 2(+ )   = 2+  = s(s
0





(s()). These observations prove 6.1 and 6.2.
Now, we will prove 6.3. We have s
0






























































Proof of the other assertion of 6.3 is similar to this proof.


































We note that here, we use the fact that t 7!  t is a bijection of k

onto itself.




































































of 6.5 follows from the fact that
(t; s) 7! (ts; s
 





We now prove the assertion 6.6.


























































































































































To prove this, we prove each of the summand is s- invariant.
11






























































Thus, we have proved 6.6.
We now prove 6.7.










for any w 2W .
Since the Weyl group of G
2
is generated by s and s
0





























































































































































































We now prove 6.9.
We have s
0














































































Thus, we have proved 6.9.













































. Then, one can re-write the braid relation










According to Proposition 3, Lemma 6 and 1, we obtain
p


































































































































































































) be the coecient of
R

in the expression of L.H.S (resp. R.H.S) of 7.1.






















appears only in the multiplication gg
0
, and then the coecient X

of

































































































































































occurs only in the product ge
0
on the left of 7.1, and only in the product f
0
g on the right of 7.1.























































































appears only in the product f
0








































































































































































We now prove that cg
0





































































We now prove that ef
0



























































































































































































































































































. From the above







































































































































































































is also occurring in a
0


























































































































































































in the expression of ee
0
. We
rst compute only the product of E's (without 	's).
15

















































































































We now compute gb
0
.


























Summing up all these coecients (using the observations from 7.9 to 7.14): it is easy to see










and that the sum









































































Now, we will compute Y











































































is a factor of c).


























































































By a similar computation in ee
0







in the expression of f
0













By a similar computation in gd
0







in the expression of d
0


















in the expression of b
0
g.



























































































































































Summing up these coecients (using observations 7.16 to 7.21), we have
( 7:22) Y















































































We now prove this assertion.














































































s() = 3+ 2)







































































































































. We rst compute X





















Now, we deduce that de
0




































































































Now, using 1.1, it is easy to see that de
0





















































In the same way, one can check that ee
0
















is a factor of c
0









, it is easy to
see that the coecient of R















We now compute the coecient of R
























































Therefore, the coecient of R



































We now compute the coecient of R



















. Now, again using 6.7, it is easy to see that the coecient
of R


















) yields the coecient
( 7:27)  ((q   1)
3




=  (q   1)(q
2





We now compute the coecient of R

















in the expression of ad
0
.



























































































We now compute the coecient of R





















































































































































































one can see that the coecient of R























































































We now compute Y

























is a factor of c, using 6.7 and the facts that E
2






= (q   1)E

, it
is easy to see that the coecient of R

in the expression of a
0











is a factor of c, using 6.7 and the facts that E
2









, it is easy
to see that the coecient of R















Thus, the coecient of R






( 7:31)  ((q   1)
3




=  (q   1)(q
2





We now compute the coecient of R

in the expression of d
0




is a factor of






















































Thus, the coecient of R

in the expression of d
0
(a+ b) is























We now compute the coecient of R


























































































































































































































is a factor of the coecient of R

in the expression of f
0
d and hence using 6.7
and the fact that E
2

= (q   1)E






















is a factor of c
0
, using 6.7, 1.1 and the fact that E
2

= (q   1)E

, it is easy to see
that the coecient of R
















We now compute the coecient of R

in the expression of the product f
0















































































































Thus, from 1.1 we deduce that f
0



























































We now compute the coecient of R




































































Using twice the relation 1.1 we deduce that e
0































































































Therefore, using the observations from 7.31 to 7.37, we conclude that
Y

=  q(q   1)
2


































































































, it is easy to see that
























































































































































































































































































































= (q   1)E

)

























= (q   1)E

)











in the expression of cf
0
is


































































































= (q   1)E

)





















= (q   1)E

)











in the expression of ec
0
is































































































































































































































































































= (q   1)E

)




in the expression of ea
0
is











in the expression of eb
0



































































































































































































































































































and the fact that s
2
= 1, it is easy to































































































































Using the observations 7.39, 7.48, and the observation 6.9 (of Lemma 6), it is easy to see that





































































































is a factor of a
0
, using 6.7, and the fact that E
2

= (q   1)E

, it is easy to see




































































































































































































(from 6.3 and 6.7):










































































































in the expression of d
0
d is



































































































































(from 6.3 and 6.7):




in the expression of d
0
e is
































































= (q   1)E

)




in the expression of f
0
a is







We now compute f
0
b.


















































































































































































= (q   1)E

)






















= (q   1)E

)











in the expression of f
0
d is















































































































































































































































































































respectively and the same is true for the Y 's, we will only
quote the coecients.
We rst quote the terms involving R





and the terms involving
R






The terms involving R

























On the other hand, the terms involving R




































































































































































































































































































































We now do the same for R
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